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Abstract
We prove that the number τ =∑∞l=0 dl/∏lj=1(1 + dj r + d2j s), where d ∈ Z, |d| > 1, and r, s ∈ Q,
s = 0, are such that 1 + dj r + d2j s = 0 for any j ∈ Z+, has an irrationality measure 7/3 or 7/2 depending
on whether r = −d−h − sdh for some h ∈ N or r2  4s. More generally, irrationality measures are given
for τ in both the archimedean and p-adic valuations, and also when d, r, s are certain algebraic numbers.
For example, we give an effective irrationality measure 7/3 for Bd(d), where Bq(z) is a q-analogue of the
Bessel function, and we get effective irrationality measures 7/3 and 7/2 for the p-adic numbers τ+p and τ−p ,
respectively, where τ±p =
∑∞
l=0 pl
2
/
∏l
j=1(1 ± pj )2.
© 2007 Elsevier Inc. All rights reserved.
1. Introduction
The irrationality of
ω =
∞∑
l=0
d−l
l∏
j=0
(
1 + d−j r + d−2j s), (1)
where d > 1 is an integer and r, s ∈ Q+ was considered recently by Borwein and Zhou [5]. They
used two-variate Padé approximations for the series (1) with the functional equation method.
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2 T. Matala-aho / Journal of Number Theory 128 (2008) 1–16Although the series ω and τ are of similar nature, we shall obtain our result using one-
dimensional Padé approximation method with the functional equation method. This is possible
because τ can be expressed as a basic hypergeometric series, namely, we have
Lemma 0. Let q = 1/d and
b = −
√
r2 − 4s + r
2s
, t =
√
r2 − 4s − r
2s
.
Then
τ = (1 − t)
∞∑
n=0
tn
(1 − bq)(1 − bq2) . . . (1 − bqn) . (2)
The series in (2) is a special case of the q-hypergeometric series
F(z) =
∞∑
n=0
(β,α)n
(δ, γ )n
zn, (β,α)0 = 1,
(β,α)n = (β − α)(β − αq) . . .
(
β − αqn−1), n ∈ Z+,
which has been investigated arithmetically in [8,11,12]. In the works [11,12] certain improve-
ments for the Diophantine approximation properties of the values of F(z) were done by using
Padé approximations and the functional equation method, i.e. the iterations of the functional
equation
(αqz− γ )F (qz) = q(βz − δ)F (z)+ δq − γ (3)
satisfied by the series F(z). Also in the sequel we shall use accelerated Padé approximations and
results for heights in algebraic number fields to get Diophantine approximation properties for the
series (2). For example, let d ∈ Z, |d| > 1, r ∈ Q, s ∈ Q∗, r = −dh − sd−h, h ∈ N, s = dh−j ,
j ∈ Z+. Then for any  > 0 there exists an effectively determined q0 = q0() > 0 such that∣∣∣∣τ − pq
∣∣∣∣ 1q7/3+
for all p/q ∈ Q, q  q0. This is a way to say that such a τ has an effective irrationality mea-
sure 7/3. Let
Bq(z) =
∞∑
n=0
zn
(q)n(q)n
be a q-analogue of the Bessel function, then the above mentioned case implies an effective irra-
tionality measure 7/3 for Bd(d), while Amou, Katsudara and Väänänen [1] give an effective ir-
rationality measure 28.58 for Bd(d) using Thue–Siegel’s method. Moreover, using Nesterenko’s
result [14], we deduce the transcendence of the numbers Bd(d) for all algebraic d satisfying
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dence results it follows that τ is irrational over any imaginary quadratic field K, for all r ∈ K,
s ∈ K∗ and q ∈ ZK, |q| > 1.
If r = −1, s = 0, then τ reduces to a special value Ed(d) of the q-exponential function
Eq(z) =
∞∑
n=0
zn
(q)n
=
∞∏
n=1
(
1 − z
qn
)
, |q|v > 1,
for which the arithmetic properties are widely investigated especially in the works [4,6,8,12,
15,17]. Further, [19] gives irrationality results for more general infinite product
∞∏
j=0
(
1 + q−j r + q−2j s), q ∈ Z, q > 1, r, s ∈ Q+.
For other closely related results and transcendence questions of q-series we refer to the works
[2,3,9,10,13,16,18].
2. Notations and results
Let K be an algebraic number field of degree κ over Q. If the finite place v of K lies over the
prime p, we write v | p, for an infinite place v of K we write v | ∞. We normalize the absolute
value | |v of K so that
if v | p, then |p|v = p−1,
if v | ∞, then |x|v = |x|,
where | | denotes the ordinary absolute value in Q. By using the normalized valuation
‖α‖v = |α|κv/κv , κv = [Kv : Qv],
the product formula has the form
∏
v
‖α‖v = 1, ∀α ∈ K∗.
The height H(α) of α is defined by the formula
H(α) =
∏
v
‖α‖∗v, ‖α‖∗v = max
{
1,‖α‖v
}
,
and in particular
H(a/b) = max{|a|, |b|}
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λq = λ(v, q) = logH(q)log‖q‖v ,
which has following properties:
1. λ1/q = −λq ,
2. |λq | 1,
3. λq  1, ∀|q|v > 1, and λq = 1, if moreover |q|w  1, ∀w = v.
By N and Z+ we mean the sets of nonnegative and positive integers, respectively.
In the following theorem we give Diophantine approximations of
τ = τ(d, r, s) =
∞∑
l=0
dl
/ l∏
j=1
(
1 + dj r + d2j s)
by the elements of an algebraic number field K of degree κ . Depending on the parameters r and
s = 0 we distinguish two cases:
(i) r = −dh − sd−h, h ∈ N, s = dh−j , j ∈ Z+,
(ii) r = −dh − sd−h, h ∈ N.
In the above cases we use the notations
m1(λd) = 77 − 4λd , Λ1 =
7
4
,
m2(λd) = 77 − 5λd , Λ2 =
7
5
,
respectively.
Theorem 1. Let v be any place of K, and suppose that d, r, s,√r2 − 4s ∈ K and
|d|v > 1, 1 + dj r + d2j s = 0, ∀j ∈ Z+.
If λd < Λj (j = 1,2), then there exist positive constants Γ = Γ (d, r, s, v) and H0 =
H0(d, r, s, v) such that
|τ − θ |v > H−κmj (λd )/κv−Γ (logH)−1/2 ,
for all θ ∈ K with H = max{H(θ),H0}. In particular, τ /∈ K.
In Corollaries 1 and 2 explicit expressions for “irrationality measures” m(τ) = mj(λd) will
be given in certain algebraic extensions K of Q, especially when d ∈ Q. Further, we call M(τ) =
κm(τ)/κv an approximation exponent of τ .
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1. Let K = I = Q(√−D ), D ∈ Z+, d, s ∈ I. If d = a/b ∈ Q, b ∈ Z+, then
m(τ) = 7
3
log(|a|/b)
log(|a|/b7/3) ,
if |a| > b7/3.
2. Let K = Q(√D ), D ∈ Z+, d, s ∈ K. For examples we give
(a) If d = (√5 + 1)/2, then λd = 1 and M(τ) = 14/3.
(b) Let x ∈ Z+, y ∈ Z, D = x2 + 4y > 0, where D is not a square of an integer. If
d =
√
D + x√
D − x ,
then λd  4/3 and the approximation exponent satisfies M(τ) 42/5.
In the case (ii):
1. Consider now K = I = Q(√r2 − 4s ), where r2 − 4s  0, r, s ∈ Q. If d = a/b ∈ Q, b ∈ Z+,
then
m(τ) = 7
2
log(|a|/b)
log(|a|/b7/2) ,
if |a| > b7/2.
2. Let K = Q(√r2 − 4s ), r, s ∈ Q, r2 − 4s > 0, = z2, z ∈ Q+. In this case we shall get no
measure, if d ∈ Q.
In addition to the examples (a) and (b) it is possible to generate numbers d for which λd <Λj
(j = 1,2) using e.g. Salem numbers.
Proof. (i). 1. In the extension of the imaginary quadratic field I = Q(√−D ) we have κv = 2
and, if v = v1, v2 | ∞, then ‖d‖v = |d|v = |d| (which is valid also if I = Q). Hence
λd = log max{|a|, |b|}log |a/b| =
log |a|
log |a|/b .
Put λd < 7/4, which gives |a| > b7/3 while
m(τ) = 7
3
log(|a|/b)
log(|a|/b7/3) .
2. In the extension of the real quadratic field K = Q(√D) we have κv = 1, thus ‖d‖v =
|d|v1/2 = |σv(d)|1/2, when v = v1, v2 | ∞. Note also that ‖d‖v  1 for all v | p = ∞, if d ∈ ZK.
(a) For d = (√5 + 1)/2 the Height satisfies H(d) = |(√5 + 1)/2|1/2 = ‖d‖, which implies
λd = 1.
6 T. Matala-aho / Journal of Number Theory 128 (2008) 1–16(b) For
d =
√
x2 + 4y + x√
x2 + 4y − x
λd  4/3 as proved in [11]. Thus the approximation exponent satisfies
M(τ) = κ
κv
m(τ) 2
1 − 42/3 · 7 = 8.4.
(ii). 1. Analogously with (i) 1.
2. As in (i) 2. we have the real quadratic field. If d /∈ Q, then we can find such examples that
λd < 7/5. However, if d ∈ Q∗, then λd  2 so that we get no measure. 
Corollary 2. Let p be a rational prime and v | p.
In the case (i):
1. Let K = Q or K = Q(√F ), F ∈ Z, where κv = 2, if v | p and d = p−wa/b, w ∈ Z+,
|a| < bpw , b < p3w/4, r, s ∈ Q. Then
m(τ) = 7
3
log(pw)
log(pw/b4/3)
.
For example, let d = 1/p, r = −2, s = 1. Then we may take K = Q and thus M(τp) =
m(τp) = 7/3, where
τp =
∞∑
l=0
p−l∏l
j=1(1 − 2p−j + p−2j )
=
∞∑
l=0
pl
2∏l
j=1(1 − pj )2
.
In particular, τp /∈ Q.
In the case (ii):
1. Let K = Q or K = Q(√r2 − 4s), where κv = 2 and d = p−wa/b, w ∈ Z+, |a| < bpw ,
b < p2w/5, r, s ∈ Q. Then
m(τ) = 7
2
log(pw)
log(pw/b5/2)
.
Let now d = 1/p, r = 2, s = 1. Then we may work in K = Q and thus M(τp) = m(τp) = 7/2,
where
τp =
∞∑
l=0
p−l∏l
j=1(1 + 2p−j + p−2j )
=
∞∑
l=0
pl
2∏l
j=1(1 + pj )2
.
In particular, τp /∈ Q.
Proof. (i). 1. Now κv/κ = 1, hence ‖d‖v = |d|v = |d|p for v = v1, v2 | p. Thus
λd = log max{|a|, bp
w}
w
<
7
,log(p ) 4
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m(τ) = 7
3
log(pw)
log(pw/b4/3)
.
The case (ii) 1. goes analogously. 
Corollary 3 gives approximation exponents for the q-analogue
Bq(z) =
∞∑
n=0
zn
(q)n(q)n
of the Bessel function.
Corollary 3. Let v be any place of K, and suppose that d ∈ K and |d|v > 1, then
m
(
Bd(d)
)= 7
7 − 4λd , if λd <
7
4
.
Also the results from the cases (i) of Corollaries 1 and 2 are applicable here. Moreover, the
numbers Bd(d) are transcendental for all algebraic d satisfying |d|v > 1.
Proof. In the following we use the result
(1 − t)
∞∑
n=0
tn
(bq)n
=
∞∑
n=0
(bt)nqn
2
(bq)n(tq)n
, |q|v < 1, |t |v < 1, (4)
proved in Fine [7] (formula 12.3.) by an interesting way using the iterations of the transformation
(b, t) → (bq, tq). Set b = t = q into (4) to get
∞∑
n=0
qn
2
(q)n(q)n
= 1
1 − q
∞∑
n=0
qn
(q)n
− q
1 − q .
Hence
Bd(d) =
∞∑
n=0
dn
((1 − d) . . . (1 − dn))2 =
d
d − 1e1/d(1/d)−
1
d − 1 .
Readily the measure comes from the case (i) of Theorem 1 and the transcendence for Bd(d) fol-
lows from Nesterenko’s result [14], which imply that eq(q) is transcendental for all algebraic q ,
0 < |q|v < 1 (see [18]). 
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Proof of Lemma 0. To prove (2) we use again formula (4). Put now
r = −1/b − 1/t, s = 1/(bt),
then
τ =
∞∑
n=0
dn∏n
j=1(1 + rdj + sd2j )
=
∞∑
n=0
dn∏n
j=1(1 − b−1dj )(1 − t−1dj )
=
∞∑
n=0
(bt)nd−n2∏n
j=1((1 − bd−j )(1 − td−j ))
. (5)
Hence (4) implies
τ = (1 − t)
∞∑
n=0
tn
(1 − bd−1) . . . (1 − bd−n) = (1 − t)
∞∑
n=0
tn
(bq)n
(6)
where q = 1/d and
b = −
√
r2 − 4s + r
2s
, t =
√
r2 − 4s − r
2s
.
Moreover, the series in (5) and (6) are convergent for all b, d, q, r, s, t ∈ Cv , satisfying
b = q−i , di , ∀i ∈ Z+, |d|v > 1, |q|v < 1 and |t |v < 1. 
Let
F(t) =
∞∑
n=0
tn
(bq)n
,
which satisfies the functional equation
F(t) = b
1 − t F (qt)+
1 − b
1 − t . (7)
If |t |v  1, we choose the least m ∈ Z+ satisfying |qmt |v < 1. Then (7) gives by analytic contin-
uation
τ = (1 − t)
(
bm
F
(
qmt
)+ 1 Lm(b, q, t)
)
, ∀t = q−i , i ∈ N, i < m, (8)(t)m (t)m
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Lm(b, q, t) ∈ Z[b, q, t]
is of degree m in its variables b, t and of degree 
(
m
2
)
in the variable q .
Note that in the case r = −dh − sd−h we have
1 + rdj + sd2j = (1 − dhdj )(1 − sd−hdj )
and thus we set b = d−h = qh and t = dh/s = q−h/s.
4. Accelerated Padé approximations
The starting point of our studies are the (n,n) Padé approximations for the series
F(z) =
∞∑
n=0
zn
(c)n
, c = q−i , i ∈ N,
given in Lemma 1, where we shall use the q-binomial coefficients
[
n
k
]
= (q)n
(q)k(q)n−k
for which it is well known that[
n
k
]
∈ Z[q] and degq
[
n
k
]
= k(n− k), 0 k  n.
In the case (i) τ is given by
τ =
(
1 − q
−h
s
) ∞∑
n=0
(q−h/s)n
(qh+1)n
and so the study of the case (i) can be connected to the series F(z), where c = q .
Lemma 1. (See [8].) Let Dn = 1 if c = q and Dn = (c)n otherwise. Set
Qn(z) = Dn
n∑
k=0
[
n
k
]
q(
k
2)
(
cqn
)
n−k(−z)k
and
Rn(z) = Dnz2n+1q 3n
2−n
2
(q)n(−c)n
(c)2n+1
∞∑ (qn+1)k
(q)k(cq2n+1)k
(−z)k.
k=0
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Qn(z)F (z)− Pn(z) = Rn(z), (9)
where Pn(z),Qn(z) ∈ Z[c, q, z] and degz{Pn(z),Qn(z)} n.
Proof. The Padé approximations are constructed in [8]. In the case c = q the coefficients of
Pn(z) contain the term
(qn+1)n−k
(q)l
∈ Z[q]
for all k, l ∈ N satisfying k + l  n, hence Pn(z),Qn(z) ∈ Z[q, z]. In the other case we need
Dn = (c)n. 
So, we shall call the case Dn = 1 for the case (i) and otherwise for the case (ii).
Let us define for any function g(x) the operator J = Jx by
(Jg)(x) = g(qx).
Let us now operate by ckJ k to the functional equation
cF (qz) = q(1 − z)F (z)+ c − q (10)
satisfied by the series F(z). Then
Fk(z) = q
(
1 − zqk−1)Fk−1(z)+ ck−1(c − q),
where
Fk(z) = ckF
(
qkz
)
, ∀k ∈ N.
Consequently
Fk(z) = ak(z)F (z)+ bk(z), ak(z) = qk(z)k,
bk(z) = q
(
1 − zqk−1)bk−1(z)+ ck−1(c − q), b0(z) = 0, (11)
for all k ∈ N, and it follows immediately that
max degc
{
ak(z), bk(z)
}
 k,
max degq
{
ak(z), bk(z)
}

(
k + 1
2
)
,
max degz
{
ak(z), bk(z)
}
 k. (12)
Next we operate by Jn to (9) and use (11) to get
qnF (z)− pn = rn, (13)
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qn = an(z)Qn
(
qnz
)
,
pn = −bn(z)Qn
(
qnz
)+ cnPn(qnz),
rn = cnRn
(
qnz
)
. (14)
Here we note that in this work the choice Jn will give the optimal result, while in general some
other choices, say JK , where K = γ n, 0 < γ , may work better (see e.g. [11–13]).
Lemma 2. The degrees of the polynomials qn,pn ∈ Z[c, q, z] satisfy
max degc{qn,pn} 3n, max degz{qn,pn} 2n,
max degq{qn,pn}
{
2n2 +O(n) in the case (i),
5n2/2 +O(n) in the case (ii). (15)
Proof. Using (12) and (14) and the definition of Qn(z) and Pn(z) we immediately obtain the
bound for max degc{qn,pn} and max degz{qn,pn}.
Next we consider max degq{qn,pn}. Since degz pn  2n < 2n+ 1 ordz=0 rn, it follows that
pn =
[
qnF (z)
]
2n =
[
an(z)DnQn
(
qnz
)
F(z)
]
2n,
where [ ∞∑
k=0
bkz
k
]
m
=
m∑
k=0
bkz
k.
Set now
an(z) =
n∑
j=0
anj z
j , Qn(z) =
n∑
j=0
bnj z
j , F (z) =
∞∑
j=0
cj z
j .
Hence
max degq{qn,pn}
max
{
max
0hn, 0jn
degq anhDnbnjqnj , max0hn, 0jn
h+j+l2n
degq anhDnbnjqnj cl
}
,
which shall be in
Case (i):
max degq{qn,pn}
(
n+ 1
2
)
+ max
0jn
{
degq
[
n
j
]
q(
j
2)
(
qn+1
)
n−j q
nj
}

(
n+ 1
2
)
+ max
0jn
{
j (n− j)+
(
j
2
)
+
(
n− j
2
)
+ (n− j)(n+ 1)+ nj
}
 2n2 +O(n).
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max degq{qn,pn}
(
n+ 1
2
)
+ max
0jn
{
degq(c)n
[
n
j
]
q(
j
2)
(
cqn
)
n−j q
nj
}
 5n2/2 +O(n). 
By the bounds of Lemma 2 we get
Lemma 3. For any place w of K we have
max
{|qn|w, |pn|w} |q|∗wAn2+O(n)|z|∗w2n|c|∗w3neO(n),
where A = 2 in the case (i) and A = 5/2 in the case (ii).
Lemma 4. If |q|v, |z|v < 1, then the remainder satisfies
|rn|v  |q|7n2/2+O(n)v |z|2nv |c|2nv eO(n)
in both our cases (i) and (ii).
Proof. The estimate follows directly from the expression
rn(z) = cnRn
(
qnz
)
= cnDn
(
qnz
)2n+1
q
3n2−n
2
(q)n(−c)n
(c)2n+1
∞∑
k=0
(qn+1)k
(q)k(cq2n+1)k
(−zqn)k. 
Lemma 5. If c, z, q ∈ K∗ and c = q−i , z = q−i , ∀i ∈ N, then
Δn =
∣∣∣∣ qn pnqn+1 pn+1
∣∣∣∣ = 0, ∀n ∈ Z+.
Proof. Using first the formulae (14) and then proceeding by the standard argument we get
Δn = qn(z)n
∣∣∣∣ Qn(qnz) −bn(z)Qn(qnz)+ cnPn(qnz)Qn+1(qnz) −bn(z)Qn+1(qnz)+ cnPn+1(qnz)
∣∣∣∣
= cnqn(z)n
∣∣∣∣ Qn(qnz) Pn(qnz)Qn+1(qnz) Pn+1(qnz)
∣∣∣∣
= cnqn(z)nDnDn+1(−c)nz2n+1q 3n
2−n
2 +(2n+1)n(q)n
(
1 − cq2n+1)/(c)n+1. 
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We shall now apply a general theorem proved in [11] which together with the above lemmas
gives our results. For this let v be a place of K and suppose that c, q, z ∈ K∗ and |q|v < 1. Further,
assume that for τ ∈ Kv there exists a sequence
rn = qnτ − pn, qn,pn ∈ ZK[c, q, z], (16)
satisfying for all n 0 the conditions:
(I) qnpn+1 − pnqn+1 = 0;
(II) |rn|v  |q|Bn2v |z|Nnv |c|Snv eO(n),
where B,N and S are positive constants;
(III) For any place w of K
max
{|qn|w, |pn|w} |q|∗wAn2+Cn|z|∗wMn|c|∗wT neO(n),
where A,C,M and T are positive constants.
Theorem 2. (See [11].) Let the above assumptions be satisfied and suppose that B + Aλq > 0.
Then there exist positive constants Γ and H0 such that
|τ − θ |v > H−κB/κv(B+Aλq)−Γ (logH)−1/2 ,
for all θ ∈ K with H = max{H(θ),H0}.
Frequently the approximation formula (16) is not given for τ but just for aτ + b with some
a, b ∈ K and so we need the following lemma for the irrationality measure exponent
m(τ) = B
B +Aλq .
Lemma 6. The irrationality measure exponent satisfies
m(aτ + b) = m(τ)
for all a ∈ ZK \ {0} and b ∈ ZK.
Proof. Now we use the approximation formula
qn(aτ + b)− (apn + bqn) = arn (17)
for aτ + b instead of (16). The corresponding bounds differ only by constants not depending
on n. So, A,B and thus m(τ) stay invariant. 
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(i) A = 2, B = 7/2,
(ii) A = 5/2, B = 7/2.
Set then τ = F(z), where c = qb and z = t . Thus the conditions 1 + dj r + d2j s = 0 for any
j ∈ Z+ and r, s ∈ Q, s = 0, guarantee that the conditions of Lemma 5 are valid. We shall apply
Lemma 6 and formulae (6) and (8) to get the results for τ . Now q = 1/d , λq = −λd and thus
m(τ) =
{ 7
7−4λd , if λd <
7
4 , in the case (i),
7
7−5λd , if λd <
7
5 , in the case (ii).
In the case (i), where s = 1 we have b = d−h, t = dh. So τ is defined only, when h = 0. In
this case we use (4) to get the limit
τ = lim
t→1(1 − t)
∞∑
n=0
tn
(q)n
= lim
t→1(1 − t)
∞∏
n=0
1
1 − tqn =
∞∏
n=1
1
1 − qn = eq(q)
by the product formula
eq(z) =
∞∑
n=0
zn
(q)n
=
∞∏
n=0
1
1 − zqn , |q|v < 1,
of the q-exponential function eq(z). 
Note. By elementary considerations (à la the irrationality proof of e) it can be shown that τ is
irrational also when r ∈ Q, s ∈ Q∗ and q ∈ Z satisfy den(r, s) < |q|. In fact, we may consider a
slightly more general series
f (z) =
∞∑
l=0
zl∏l
j=1 P(qj )
,
where
P(x) = 1 + rx + · · · + sxm ∈ Q[x], s = 0, 2 | m 2.
Then f (z) /∈ Q, if q ∈ Z and z ∈ Z satisfy
zs > 0, den(r, . . . , s)|z| < |q|m.
Proof. Suppose, on the contrary, that f (z) = A/B , where A ∈ Z and B ∈ Z+. Because |q| 2,
we may choose a h0 such that
1
P
(
qh
)
>
1
P
(
qh0
)
> 0, ∀h h0.z z
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0 <
zl∏l−1
j=0 P(qh+3+j )
<
zl∏l−1
j=0 P(qh0+j )
, ∀h h0, ∀l  1. (18)
Denote D = den(r, . . . , s) and
rh = BDh
h∏
j=1
P
(
qj
)(
f (z)−
h∑
l=0
zl∏l
j=1 P(qj )
)
.
Thus rh ∈ Z for any h 1. On the other hand
rh = BDh
h∏
j=1
P
(
qj
) ∞∑
l=h+1
zl∏l
j=1 P(qj )
= BD
hzh+1
P(qh+1)
(
1 + z
P (qh+2)
sh
)
, (19)
where
sh = 1 + z
P (qh+3)
+ z
2
P(qh+3)P (qh+4)
+ · · · .
By (18) we get
0 < sh < 1 + z
P (qh0)
+ z
2
P(qh0)P (qh0+1)
+ · · · = S0, ∀h h0,
where S0 is a constant independent of h. Hence, by (19), we get
0 < |rh| < 1,
when h h0 is big enough, which contradicts rh ∈ Z. 
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